We consider the lagrangian L = F (R) in classical (=non-quantized) two-dimensional fourth-order gravity and give new relations to Einstein's theory with a non-minimally coupled scalar field.
Introduction
In recent years there has been a great interest in two-dimensional theories of gravity [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , due in part to their connection with string theories [11] [12] [13] [14] [15] .
However, two-dimensional gravity models have a great interest in themselves, since their qualitative features are similar to those of general relativity, even if the mathematical structure is much simpler. They can therefore be used to gain some insight on the four-dimensional theory.
The essential property which distinguishes the 2-dimensional theory from the higher-dimensional ones is the fact that the Einstein-Hilbert lagrangian is a total derivative in two dimensions. This problem is usually circumvented by introducing a scalar field (sometimes called dilaton) non-minimally coupled to the Ricci scalar [1, 2] .
The action is however not uniquely defined in this way, essentially because of the freedom in the choice of the kinetic and potential terms for the scalar field. Thus one can generate a large class of models, by simply requiring the renormalizability of the theory [11, 12] . Some special examples are given by the Jackiw-Teitelboim theory [1, 2] , the tree-level string lagrangian [13] [14] [15] , and the 2-dimensional limit of general relativity [16] [17] [18] . A one-parameter class of models with constant potential containing these special cases has been studied in [8] [9] .
A different solution to the problem of defining a suitable action for 2-dimensional gravity is given by higher derivative theories. In this case one defines a lagrangian which is a non-linear function of the Ricci scalar, avoiding in this way the problems found with the Einstein lagrangian in 2 dimensions [5, 6] .
As is well-known, in dimensions higher than two, higher-derivative models following from a non-linear lagrangian F (R) are conformally equivalent to general relativity minimally coupled with a self-interacting scalar field [19] [20] [21] [22] [23] .
In two dimensions, since it is not possible to define a minimally coupled theory, the situation is more subtle. The existence of an equivalence between higher-derivative and gravity-scalar theories has been noticed by several authors [7, 10, 11, 28] . However, no general formulation of the equivalence is available in the literature. Moreover, its relation with conformal transformations of the metric has not been stated explicitly.
In this paper, we give an explicit classification of the gravity-scalar actions which are equivalent to higher-derivative actions up to conformal transformations. The existence of a non-trivial special case leads us to discuss the nature of scale-invariance for two-dimensional theories. Moreover, we briefly discuss the significance of the Birkhoff theorem in this context and the black hole solutions of the theory.
Some further discussion on different aspects of two-dimensional gravity can be found [24] [25] [26] [27] [28] [29] [30] [31] [32] . In [33] , also two-dimensional gravity is considered, but they apply independent variation with respect to metric and connection, so the results are not directly comparable. In [34] , there is observed a universal behaviour in the process of forming a two-dimensional black hole. Ref. [35] deals with the evaporation of two-dimensional black holes, where N scalar fields have been added as source.
The paper is organized as follows: in section 2 we review 2-dimensional higher-derivative theories and discuss their connection with the more common approach given by the addition of a non-minimally coupled scalar field.
Moreover, we study the action of a conformal transformation on the lagrangian. In section 3 we clarify the rôle of scale transformations for the lagrangian and the field equations. Section 4 is devoted to a review of the Birkhoff theorem in the context of two-dimensional gravity. In section 5 we compare the exact solutions of the theory in various gauges. We discuss the results in the final section 6.
2 Transformation from fourth to second order As is by now well known, higher-derivative gravity models in dimensions D > 2 can be reduced by means of a conformal transformation to Einstein's theory minimally coupled to a scalar field [19] [20] [21] [22] [23] . Consider for example the
where L(R) = R k+1 , k = 0, −1 and R = 0. For simplicity, we write the next formulas for the region R > 0 only, the other sign gives analogous ones. If one defines the scalar field σ by
and performs a conformal transformatioñ
where n is a parameter to be fixed, one obtains the action
, the scalar field is minimally coupled to the Einstein action as follows:
This choice of n is of course singular for dimension D = 2. This is due to the fact that in 2 dimensions R √ g is a total derivative and therefore no analogue of the higher-dimensional minimally coupled action exists. It is in fact necessary to make use of a non-minimally coupled scalar field σ and define an action of the kind
Actually, in 2 dimensions, it is not even necessary to perform a conformal transformation in order to get a linear lagrangian from eq. (2.1). In fact, if one defines as before e −2σ ≡ dL dR
This is a perfectly well defined action for 2-dimensional gravity. If one performs a conformal transformation on eq. (2.2)g ij = e −2nσ g ij , one gets
so that the gravitational part is unchanged, while the scalar field acquires a kinetic term. All the actions (2.3) are conformally equivalent in the sense that if g ij is a stationary point of action (2.2) theng ij is one of (2.3). In particular, for n = 1 one obtains the well-known "string-like" action [7] :
whose solutions are given byg ij = e −2σ g ij .
The previous discussion can be generalized to the case when the lagrangian is a generic function L = F (R) of the curvature. In this case,
and the most general action related to L = F (R) by a conformal transformationg ij = e −2nσ g ij of the two-dimensional metric takes the form
where n is a free parameter and
(2.5)
For n = 0, this is found in [28] .
To conclude, we notice that the action (2.2) admits two well-known theories as special limiting cases. First, both for k −→ ∞ and for k −→ − ∞ it reduces to the action of the Jackiw -Teitelboim theory
where we have put Φ = e −2σ . Second, it can be shown that the stationary points of (2.1) and (2.2) coincide in the limit k −→ 0 with those of the treelevel string action. This limit is not at all trivial, since for k = 0, (2.1) is a total derivative, while (2.2) is not defined. As mentioned in [10, eq. (2.18)], the k −→ 0 limit actually corresponds to the action
This is not fully trivial but can be understood starting from the well-known
We insert x = ln R, multiply by R and get
When inserted into the action (2.6), the R-term is a total derivative, so one has R ln R |g|d 2 x = boundary terms + lim
There is an essential difference between the minimally and the non- , F = GR + 2G and the trace-free part of G ;ij has to vanish. In the non-minimally coupled case, i.e.
∂G ∂Φ
= 0, the parts with G ;ij contain the dynamics for Φ.
On different notions of scale-invariance
The lagrangian density R ln R eq. 
The field equation is completed by requiring that the trace-free part of G ;ij vanishes.
First definition: Let α be an arbitrary constant and letg ij = e 2α g ij .
Then, e.g.,R = e −2α R etc. The Lagrangian L is called scale-invariant if there exists a function f (α) such that for all metrics it holds
One can get some knowledge on the function f as follows: We apply the defining condition with β instead of α and withĝ ij = e 2βg ij . This leads tô
This last equality can be fulfilled only if there exists a constant real number
Our definition is therefore equivalent to:
The
We want to find out all scale-invariant Lagrangians. To this end we insert
We use x = e −2α and c = F (1). We get F (x) = cx −m . This is the sense in which usually L = R k+1 is called the scale-invariant gravitational Lagrangian. To find out all scale-invariant field equations, we write the analogue to eq. (3.2), i.e.
A linear function F (R) gives always rise to a scale-invariant field equation.
For non-linear functions F (R), however, both lines of the above equation must vanish separately. The vanishing of the first line gives again f (α) = e 2αm . We insert this into the second line and get
To solve this equation it proves useful to define h(α) = g(α)e 2α leading to
1. case: m = −1: After some calculus one gets F (R) = cR −m + kR, just the expected sum.
case: m = −1: Then there exists a constant c such that h(α) = c · α,
i.e., g(α) = c · αe −2α . To find the corresponding F (R) we have to solve
which is done by
k being a constant. So we see: L = R ln R is not a scale-invariant lagrangian but it has a scale-invariant field equation and one learns: To find out all lagrangians being "scale-invariant up to a divergence" it does not suffice to add all possible divergencies (here: kR, k being constant) to all scaleinvariant lagrangians (here:
The distinction made here can analogously be formulated for higher di- 
The generalized Birkhoff theorem
In [5] and [11] the following was shown: Let L = F (R) be a non-linear Lagrangian in two dimensions and G = dF dR
; then Θ i = ǫ ij G ;j is a Killing vector. This result is called "generalized Birkhoff theorem" for its type being "a spherically symmetric vacuum solution has an additional Killing vector"; in fact, in one spatial dimension, the assumption of spherical symmetry is empty.
To know whether the existence of a Killing vector implies a local symmetry, one must be sure that it does not vanish. Supposed, Θ i identically vanishes, then G must be a constant, and so R is a constant. Then the space is of constant curvature and a non-vanishing non-lightlike Killing vector exists. Supposed, Θ i is a non-vanishing null vector, then again, the space turns out to be of constant curvature. So the only possibility for Θ i becoming lightlike is at a line (the horizon) where it changes its signature. These are the solutions being known under the name "two-dimensional black holes".
Generically (meaning here: in a region where the Killing vector is nonlightlike) one can always write the solution as
As usual, the free transformation of x can be used to eliminate A or B;
especially the condition AB = 1 leads to generalized Schwarzschild coordi- This generalized Birkhoff theorem has the consequence that special solutions having symmetries (see sct. 5 below) found in the past already cover the whole space of solutions. Of course, the theorem can be extended to the gravity-scalar theories, owing to their equivalence with higher-derivative theories.
Exact solutions
The solution of the field equations stemming from eqs. (2.1)/(2.3) have been found in [5, 6] and, in a conformal gauge, in [7] . We shortly discuss them in this section.
For k = −1/2, the Lorentzian signature solutions can be written in the so-called Schwarzschild gauge as [5, 6] :
where C is a free parameter, proportional to the mass of the solution. In particular, for positive C one gets in general black hole solutions, while for negative C one has naked singularities. C = 0 corresponds to the self-similar ground state of the theory. The conformal gauge solutions found in [7] can be obtained from (5.1) for k = −1/2 by the coordinate transformation
In particular, if C = 0, ρ = x −(1+1/k) , and
Let us discuss in some detail the properties of the solutions: in the Schwarzschild gauge the curvature is simply given by:
Thus one sees that a singularity (in the sense of a diverging curvature scalar R) is present at the origin only if k is negative. Moreover, for positive C, a horizon is present at x = C k/(k+2) for any k. The horizon is absent if C is negative.
The asymptotic properties of the solutions are also interesting: for negative k the curvature vanishes at infinity, but only in the limit case k = 0 the solutions are asymptotically flat in the usual sense (i.e. A → 1 at infinity).
For positive k the curvature diverges at infinity. Finally, in the limit k → ±∞ (Jackiw-Teitelboim theory), the solutions are asymptotically anti-de-Sitter.
The limit case k → 0 has been studied in [5] . In this case the solutions coincide with the "stringy" solutions found in [13, 14] and with a solution of
Liouville gravity (see [30] [31] [32] for details):
and describe asymptotically flat black holes.
To summarize, regular black hole solutions are found only for k ≤ 0 and positive C.
In a similar manner, one can discuss the solutions of the Euclidean theory.
Apart from the horizon, theses are simply obtained by setting t −→ it. In the black hole case, the conical singularity at the origin (i.e., the point corresponding to the horizon) can be removed by a standard procedure, requiring that the Euclidean time has periodicity β which is related to the temperature T of the black hole via
Discussion
In this paper, we considered several types of two-dimensional theories of gravity. We restricted to the classical (= non-quantum) case; the metric and one In section 4 we discussed the fact that in the models under consideration a non-vanishing Killing vector always exists (generalized Birkhoff theorem).
Here we want to emphasize: A) that this does not need the scale-invariance of the action (a case for which it is often formulated) but that it takes place for all models. B) The conformal transformation shows that the Birkhoff theorem is valid in all the versions of two-dimensional gravity under consideration, and C) it is just this Birkhoff theorem which makes possible (at least locally) the complex rotation from Euclidean signature to Lorentz signature solutions; the latter are discussed as two-dimensional black holes. Section 5 represents known exact solutions in a better readable form.
